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Electromagnetic Form Factors of Ξc and Ξ′c in Lattice QCD
SUMMARY
The Standard Model (SM) is the theory to explain the strong, electromagnetic
and weak forces and the interactions among all fundamental particles in nature.
In order to understand the dynamics of these fundamental forces, there are a
number of methods. One of the most successful theories is the Lattice Quantum
Chromodynamics (LQCD). The method uses the Lattice Gauge Theory in the
theoretical background. Furthermore, the Lattice Quantum Chromodynamics is not
based on any approximate or effective model and it uses computational techniques
effectively to make calculations. Lattice Gauge Theory is utilized with improvements
in computational techniques and high-technology provides golden opportunities to
compute the action of Quantum Chromodynamics (QCD) precisely. Electromagnetic
form factors provide significant knowledge for understanding composite structure
of baryons. Additionally, charmed baryons are an attractive field to investigate
fundamental mechanism behind hadron structure. The charmed baryons are compact
particles as compared to the proton. In this work, our aim is to compute the
electromagnetic form factors of singly charmed Ξc and Ξ′c baryons from 2+1-flavor
simulations of QCD. The bound states of two light (up and strange) and one heavy
(charm) quark regime is very significant to obtain baryon structure and properties. We
define a ratio to calculate the electromagnetic form factor and magnetic moment. We
express our results of the mass spectrum of Ξc and Ξ′c as simulated on 163×32 lattices.
We make the statistical analysis of data. We calculate magnetic moments of charmed
baryons and discuss individual contribution of quarks to baryon structure. The
magnetic moments of singly charmed baryons are found to be dominantly determined
by the light quark contribution in aligned spin state of the light quarks. The role of the
charm quark effects are mainly explicit when spins of the light quarks are anti-aligned.
Our results also indicate that the singly charmed baryons have compact structure as
compared to proton which consists of only light quarks.
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Ξc ve Ξ′c Parçacıklarının Elektromanyetik Yapı Faktörünün
Örgü Kuantum Renk Dinamig˘i I˙le Bulunması
ÖZET
Standart Model güçlü, elektromanyetik ve zayıf kuvvetleri açıklamak için gelis¸tirilmis¸
bir teoridir. Bu temel kuvvetler dog˘ada atomaltı ölçekte meydana gelen olayların
ve etkiles¸imlerin gerçekles¸mesini sag˘lar. Standart Model çerçevesinde parçacıklar
kütleli olarak ele alınmasına rag˘men, parçacıklar arasında kütleçekimsel etkiles¸imlerin
olmadıg˘ı varsayılır. Standart Model, parçacıkların davranıs¸ını açıklayabilmesine
kars¸ın eksiklikleri olan bir teori olarak kars¸ımıza çıkar ve günümüzde pek çok
aras¸tırma Standart Model ötesi teoriler adı altında yürütülmektedir.
Kuantum Renk Dinamig˘i, kuark ve gluon parçacıkları arasındaki etkiles¸imleri açıklar.
Kuarklar, Fermi-Dirac istatistig˘ine uyan ve yarım-katlı spin yapısına sahip olan
maddesel parçacıklar ve gluonlar ise kuarkların birbirleriyle etkiles¸mesini sag˘layan
aracı parçacıklar olarak kars¸ımıza çıkar. Gluonlar, Bose-Einstein istatistiksel
dag˘ılımına uyan ve tam-katlı spin yapısına sahip olan parçacıklardır. Kuarkların
çes¸nileri altı tanedir ve bu kuarkların kütleleri de farklı oldug˘undan dolayı hafif ve
ag˘ır kuarklar olmak üzere iki sınıfta toplanırlar. Yukarı (up), as¸ag˘ı (down) ve acayip
(strange) kuarklar hafif; tılsım (charm), alt (bottom) ve üst (top) kuarklar ise ag˘ır olarak
incelenirler. Kuarkların özellikleri Table 1.’ de gösterilmis¸tir. Gluon ise kütlesiz ve
elektriksel olarak nötr bir parçacık olarak kars¸ımıza çıkar.
e* : elektronun elektrik yükü
Table 1 : Kuarkların temel özellikleri
kuark kütle elektrik yük (e*)
yukarı 2.3+0.7−0.5 MeV (2/3)e
as¸ag˘ı 4.8+0.5−0.3 MeV (−1/3)e
acayip 95±5 MeV (−1/3)e
tılsımlı 1.275±0.025 GeV (2/3)e
alt 4.18±0.03 GeV (−1/3)e
üst 173.21±0.51 GeV (2/3)e
Bu teoriye Kuantum Renk Dinamig˘i adı verilmesi, nükleon içerisinde bulunan
kuark ve gluonların renk yükü tas¸ımalarından dolayıdır. Renk yüküne sahip olan
parçaçıklar birbirleriyle bu renk yükleri sayesinde etkiles¸irler. Tıpkı Mawxell’in
Klasik Elektromanyetik Alan Teorisi’nde oldug˘u gibi bu renk yüklerinin olus¸turdug˘u
renk manyetik alanları da vardır. Gluonlar aracı parçacıklar oldukları için iki adet ve
kuarklar tek adet renk yükü tas¸ırlar. Günümüze kadar, henüz hiçbir deneyde serbest
halde gluon yada kuarka rastlanmamıs¸tır. Üstel serbestlik (asymptotic freedom)
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adı verilen ilis¸ki sonucunda renk yükü tas¸ıyan parçacıkların gözlenebilir olması için
singlet dalga fonksiyonuna sahip olması gerekir. Hadronlar iki alt ana bas¸lıkta
incelenirler: baryonlar ve mezonlar. Baryonlar üç adet kuarka sahip parçacıklardır
ve her kuark kırmızı, yes¸il ve mavi olmak üzere üç ana renk yükünü tas¸ırlar. Bundan
dolayı renksiz parçacıklardır. Mezonlar ise, kuark-anti kuark çiftini tas¸ıdıkları için
hangi renk yükünün kuarklar tarafından tas¸ındıg˘ının bir önemi olmaksızın singlet
parçacıklar olarak olus¸urlar.
Güçlü etkiles¸imlerde, çiftlenim sabiti αS bu kuvvetin karakteristik özelliklerinin
anlas¸ılması bakımından çok önemli bir yere sahiptir. Çünkü bu sabit sayesinde
gerçekles¸en olaylar ve etkiles¸im türlerinin dog˘ası anlas¸ılabilir. Çiftlenim sabiti ise
enerjiye bag˘lı olarak deg˘is¸en bir karaktere sahiptir. Yüksek enerjilerde momentum
transferi yüksek oldug˘undan, çiftlenim sabitinin deg˘eri azalırken, düs¸ük enerjilerde
ise artar. Dig˘er bir deyis¸le, çiftlenim sabiti düs¸ük enerjilerdeki küçük deg˘is¸imlerin
etkilerinin ihmal edilebildig˘i bir davranıs¸ gösterirken, yüksek enerjilerde çiftlenim
sabiti görece daha da zayıfladıg˘ı için enerjideki küçük deg˘is¸imlerin etkileri ihmal
edilemez sonuçlar ortaya çıkartabilir. Yani hadron içerisinde bag˘lı durumda olan
kuarkların arasındaki etkiles¸me potansiyel enerjisi, Kuantum Elektrodinamig˘i’ne
göre dog˘rusal olmayan bir davranıs¸a sahiptir. Bu etkiles¸me potansiyeli, lineer,
lineer olmayan ve sabit terimleri içerisinde barındırır. Bunların hepsi güçlü ve
elektromanyetik etkiles¸melerden kaynaklıdır.
Kuantum Renk Dinamig˘i, üstel serbestlik, güçlü etkiles¸melerin çiftlenim sabiti ve
genel itibariyle kuark dinamig˘ini iyi anlamak üzere gelis¸tirilmeye devam edilmektedir.
Bu konuda, özellikle charm kuarkların olus¸turdug˘u bag˘lı durumlar ve geçis¸lerin
sonuçları önem arz etmektedir. Çünkü charm kuark bag˘lı duruma geçebilen ag˘ır
kuarklardan birisidir. Charm sektörün bu özellig˘i oldukça ilgi çekici ve merak
uyandırıcıdır. Bu yüzden çalıs¸mamızda Ξc ve Ξ′c baryonlarının fiziksel bir takım
özelliklerinin irdelenmesine ve bulunmasına yer verdik.
Kuantum Renk Dinamig˘i’nin anlas¸ılması adına gelis¸tirilen metotlardan bir tanesi
de Örgü Kuantum Renk Dinamig˘idir. Güçlü çiftlenim sabitinin düs¸ük enerjilerde
daha büyük deg˘ere sahip olmasından dolayı pertürbatif olmayan fiziksel yöntemler
esas alınır. Formülasyon ve teorik altyapı olarak Örgü Ayar Kuramını kullanır.
Model bag˘ımsız bir yöntem olmasından dolayı analitik çözümlerle çok yakın sonuçlar
vermektedir. Hesaplamalar temel olarak kuark ve gluon alanlarının, dört boyutlu
uzay-zamanda, bir hiperküp üzerine yerles¸tirilerek bu yapının çözülmesine dayan-
maktadır. Bu hesaplamalar, süper hızlı bilgisayarlar yardımıyla ve paralel hesaplama
yöntemleri kullanılarak gerçekles¸tirilir. GPU grafik kartlarının gelis¸tirilmesi bu alana
büyük katkılar sag˘lamıs¸tır. Bundan dolayı, bu yöntemin en büyük dezavantajı
hesaplamaların yapılması adına süper bilgisayarlara ihtiyaç duyulması olarak kabul
edilebilir. Hesaplama bilgisayar ortamında yapıldıktan sonra elde edilen veriler analiz
edilirken Jackknife metodu kullanılır. Bu yöntem birbirinin ardıs¸ıg˘ı olarak alınan
veriler arasındaki ilintiden (correlation) ötürü hataları (bias) birbirlerine aktarılır.
Neticede, bir konfigürasyon içinde alınan en son verilerin hata miktarı çok yüksektir ve
yanlıs¸ sonuçlara ulas¸ılmasına sebep olur. Bunun önüne geçmek adına Jaccknife analizi
yapılır ve yeni örnek veriler üzerinden hesaplamalar yapılır.
Ξc ve Ξ′c baryonları aynı kuarkları (u, s ve c) içermelerine rag˘men, bu kuarkların
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spin yönelimleri farklıdır. Charm kuark her iki bag˘lı durumda spin-up durumunda
bulunmasına rag˘men; s ve u kuarkların spin yönelimleri paralel spin-down yada
anti-paralel olarak bulunurlar. Spin konfigürasyonlarındaki bu farklılık parçacıkların
farklı kütle kazanmalarını sag˘lar. Spin-spin etkiles¸melerinin Kuantum Mekaniksel
hesaplamaları, as¸ırı ince yapı yarılması adı altında bize bu kütle farkını verir.
Yüksek Enerji Fizig˘i’nde, parçacıkların önemli özelliklerinden bir tanesi de
form faktörüdür. Parçacıg˘ın hadronik yapısının ve girebileceg˘i etkiles¸melerin
anlas¸ılmasında kilit bir görevi vardır. Form faktörü, elektrik ve manyetik form
faktörü olmak üzere ikiye ayrılır. Aynı zamanda, parçacıkların yapabilecekleri
saçılmala türleri ve bu saçılmaların tesir kesitlerinin hesaplanması için de büyük
önem tes¸kil etmektedir. Ayrıca parçacıklar arasında olan veyahut aynı parçacıg˘ın
farklı kuantum mekaniksel durumları arasındaki geçis¸leri de yine form faktör hesabını
yaparak anlayabiliriz. Ξc ve Ξ′c baryonlarının ise form faktörleri arasında, kuark
dizilimleri ve çes¸nileri aynı olmasına kars¸ın spin konfigürasyonunda olan deg˘is¸iklikten
dolayı, fark ortaya çıkmaktadır. Ayrıca sıfır momentum durumlarında, elektrik
form faktörü elektrik yükünü verirken, manyetik form faktörü ise manyetik moment
deg˘erine ulas¸mamızı sag˘lar. Bu iki fiziksel özellik bir parçacık için temel yapısal
karakteristiklerdendir.
xxiii
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1. CHAPTER 1
1.1 Introduction
The Standard Model (SM) is the theory of three of the four fundamental forces which
are basics of particle physics. These are the strong, electromagnetic and weak forces
when they are compared to strength of interaction. The three forces have significant
roles to understand concept of nature. We are able to handle the SM as a gauge
theory with gauge groups of the three forces. Namely, the U(1) × SU(2)L group is
used to express physical events related to the electroweak interaction, the SU(3) group
reveals the dynamics of strong interaction. The model is unification of all the expressed
groups. On the other hand, the gravitational force is not included in the SM, due to the
fact that there is no proof for mediator particle of gravity which is called graviton.
The elementary particles are divided into two groups which are called Fermions and
Bosons. The Bose particles have integer spin (e.g. 0,1,2, ...) and carry interaction
of fundamental forces among the Fermions. However, the Fermions are grouped as
quarks and leptons and their spins are half-integer (e.g. 1/2, 3/2, ...).
If we concentrate on strong interactions, the quarks and gluons are the only particles
to interact with this force. Except electric charge and spin numbers, these two
particles carry a new quantum number called the color charge. Hence, Quantum
Chromodynamics (QCD) arises from the color concept. One peculiarity of the strong
interaction (QCD) is different behavior of the strong coupling constant (αS) than
the fine structure constant (α) in Quantum Electrodynamics . αS is decreasing with
increasing energy whereas α is not. This behavior is known as asymptotic freedom and
it allows us to make calculations perturbatively in the high energy regime. Behavior
of strong coupling constant (αs) is shown in Figure 1.1 and Figure 1.3, according to
experimental and lattice QCD results. Both of the figures overlap substantially with
each other. In experiments of particle physics, we can observe all leptons and bosons,
except the particles that interact with strong forces. Up to now, no free quarks or gluons
1
Figure 1.1 : Running of the strong coupling constant, αS [2].
have been detected. It is speculated that the potential consisting of interaction between
the quarks and gluons or self-interaction of gluons are responsible for this peculiar
phenomenon. This implies that the composite particles can be observed, provided
that they have a color singlet wave function which means colorless. The composite
particles are called hadrons which are classified as baryons and mesons. The baryon
sector has three quarks and the mesons have quark-anti-quark pair in it. Ultimately, the
hadrons are colorless particles in terms of their inner color structure.
On the other hand, performed experiments for understanding the hadron structure
give signals to prove that the quarks are fundamental objects although no single quark
has been detected yet. However, investigations about inner structure of hadrons not
only provide an insight into its fundamental properties (spin distribution, electric
charge, etc.) but also estimate the parameters related to decays and transitions. If we
consider bound state of quarks as hadrons, perturbation theory is not efficient to explain
dynamics of quarks at small momentum transfers. Because of the non-linear running
of the strong coupling constant, non-perturbative QCD effects become apparent [8].
Some methods have been developed to understand the hadron structure theoretically as
the QCD Sum Rules (QCDSR) [9, 10] and Chiral Perturbation Theory (ξPT) [11, 12],
which are used in the non-perturbative region [12]. There is another encouraging
2
Figure 1.2 : Significant Lattice QCD results of hadron spectroscopy [3].
Figure 1.3 : Significant Lattice QCD results of the running coupling constant [4].
non-perturbative method called Lattice QCD (LQCD) [13–15]. The method starts
with formulating the QCD Lagrangian by discretizing space-time on a 4D-grid in
order to solve it numerically and theoretically. Hence, the method is called an ab
inito method. LQCD has proved to be an effective method and has become prominent
over years with algorithmic and technological development. It has been succesfully
used to understand the behavior running coupling constant [4, 16] and the accurate
spectroscopy measurements consistent with experimental results [17], as denoted by
Figure1.2. Lattice groups achieved convincing advancements to understand the hadron
structure. As a result, LQCD has brought improvements to other methods in particle
physics.
3
Figure 1.4 : Resonances of the SU(4) group [5].
The understanding of behavior of the heavy quarks (t, b, c) and light quarks (s, d, u)
attract a lot of interest to the mentioned non-perturbative methods [18, 19]. Moreover,
there are still some properties of charm sector which should be determined from
LQCD [20, 21]. However, it is anticipated that the charm sector is going to give clues
for realizing some secrets of the quark-gluon plasma state. Hence, the Ξc and Ξ′c
baryons are significant particles for heavy quark physics.
Spin configuration of the Ξc and Ξ′c baryons are arranged differently though they
consist of u, s and c quarks basically, in two light and one heavy quark regime. The
hyper-fine structural effect of u and s quarks results in splitting of their masses into
two values [22–24]. Spin-3/2 baryons are included in Figure1.4.a whereas spin-1/2
baryons are indicated in Figure 1.4.b and in Figure 1.4.c. However, (usc) and (dsc)
combinations of the Ξ′c state at midsection of twenty-plet subgroup in Figure 1.4.b.
Four-plet subgroup possesses (usc) and (dsc) combinations of the Ξc baryon on upper
side of Figure 1.4.c.
Organization of this thesis is as follows; we describe theoretically the LQCD method
to explain how to discretize the QCD action in continuum and space-time in chapter 2.
The simulation technique and analysis of data are obtained in chapter 3. We express
our results and the sources of errors in chapter 4. We interpret results of the calculations
in chapter 5.
4
2. CHAPTER 2
In lattice QCD, derived equations should be regularized in order to extract some
physical information. Using the correlation function which describes behaviors of
quarks in quantum field theory, we obtain values of observable quantities. However,
quarks in a hadron are considered as one composite particle quantum mechanically.
Hence, these formulations give the same result. Throughout this chapter, we will use
Gattringer & Lang’s notation [6]. The energy value of such a hadron can be found
using :
lim
T→∞
〈O2(t)O1(0)〉T =∑
n
〈0|Oˆ2|n〉〈n|Oˆ1|0〉e−tEn . (2.1)
Also, it can be written in the path integral formalism:
〈Oˆ2(t)Oˆ1(0)〉= 1ZT
∫
D[Ψ]e−SE [Ψ]O2[Ψ(~x, t)]O1[Ψ(~x,0)], (2.2)
D[Ψ] =∏
n∈Λ
d[Ψ(x)], (2.3)
ZT =
∫
D[Ψ]e−SE [Ψ]. (2.4)
where Oˆ2(t) and Oˆ1(0) are the Euclidean operators , ∧ is 4D lattice space and n denotes
lattice point in the ∧, En is the energy of the hadronic state, SE [Ψ] is discretized action
and ZT is the partition function. Oˆ1(0) operator creates any related particles from the
vacuum state (|0〉) and Oˆ2(t) operator causes to annihilation of the created particle at
time t. However, operations of these operators carry both ground state and excited
states contributions with them. In this way, a production-annihilation process of an
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hadronic state on lattice is completed.
In order to solve the correlation function by numerical methods, it is so useful to
transform correlation relation into Euclidean space from Hilbert space. So, it is
possible by doing Wick rotation. Besides, there are two beneficial results of such
a rotation. First of all, characteristic of weight factor e−SE is changed to be a
well-behaved function into Euclidean space, it is not oscillating sharply as in Hilbert
space. Second one is such rotation gives us some resemblance between quantum field
theories and statistical field theories and it allows the utilization of some statistical
techniques like Monte Carlo methods, which eSE is accepted weight factor.
In the following sections we explain the QCD action in the continuum, naive
discretization of fermions, Wilson gauge action and improved discretization methods
in this work.
2.1 QCD On The Lattice
The form of QCD action in continuum is as noted below:
S[Ψ,Ψ¯,A] =
N f
∑
f=1
∫
d4xΨ¯( f )(x)αc[γµ(∂ µ+igAµ(x))+m( f )]Ψ( f )(x)αc+
1
2
∫
d4xTr[FµνFµν ],
(2.5)
where Ψ¯( f )(x)αc,Ψ( f )(x)αc are the anti-fermion and fermion spinors respectively.
Also, α , c, f are Dirac, color and flavor indexes relatively. Aµ(x) is the gauge field, g is
the strong coupling constant and µ denotes Lorentz index (µ = 1,2,3,4), Aµ is gauge
field and γµ is called Dirac matrices which obey the Euclidean anti-commutation
relation,
{γµ ,γν}= 2δµνI, (2.6)
where I is identity matrix. As a result of switching between Minkowski and Euclidean
spaces, we encounter the following relation,
γ1 =−iγM1 ,γ2 =−iγM2 ,γ3 =−iγM3 ,γ4 =−iγM0 , (2.7)
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where the γ1 = −iγM0,1,2,3 matrices are presented in Minkowski space. Fµν is the field
strength tensor,
Fµν = ∂µAν(x)−∂νAµ(x)+ i[Aµ(x),Aν(x)]. (2.8)
The action is derived for a single flavor of quarks since flavour number f varies from
1 to 6. Having discussed our notation in detail, it can be said that the action describes
the relativistic wave equation for fermions by taking account of Dirac Lagrangian
density. Additionally, different flavours have different electric charges, hence couple
to the different electromagnetic fields. After all, we just describe the strong interaction
fields.
In electrodynamics, the action of fermionic fields is invariant at any space-time point
x. In QCD, we require the action should be invariant under local rotations among the
color indeces of the quarks with making an analogy to QED. At each space-time point
x we choose an independent complex 3×3 matrix Ω(x). The matrix is not only unitary
but also det[Ω(x)] = 1 value. These type of matrices are defined as special unitary
group by SU(3). Turning back to obtain our expression of the QCD gauge invariance,
it is required that invariance of the action must be provided under the transformations:
Ψ(x)−→Ψ(x)′ =Ω(x)Ψ(x), (2.9)
Ψ¯(x)−→ Ψ¯(x)′ = Ψ¯(x)Ω(x)†. (2.10)
When the transformation terms are put into the fermion action, it may be seen easily
that Aµ field represented as
Aµ(x)−→ Aµ(x)′ =Ω(x)Aµ(x)Ω(x)†+ i(∂µΩ(x))Ω(x)†. (2.11)
Note that here Aµ is traceless and hermitian as expected for gauge fields. The gauge
part of action is constructed by defining the covariant derivative to provide invariance
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under local transformations. The covariant derivative defined as
Dµ(x)−→ Dµ(x)′ = ∂µ + iAµ(x)′ =Ω(x)Dµ(x)Ω(x)†. (2.12)
Now we identify field strength tensor Fµν(x) as the commutator
Fµν =−i[Dµ(x),Dν(x)] = ∂µAν(x)−∂νAµ(x)+ i[Aµ(x),Aν(x)]. (2.13)
Additionally, the field strength tensor ensure transformation properties as
Fµν(x)−→ Fµν(x)′ =Ω(x)FµνΩ(x)†. (2.14)
As a result, we express the gluon action in terms of the field strength tensor:
SG[A] =
1
2g2
∫
d4xtr[Fµν(x)Fµν(x)], (2.15)
Dµ(x)−→ ∂µ + igAµ(x). (2.16)
In the covariant derivative term, g denotes coupling strength of gauge fields to the
quarks. Aµ(x) indicates gauge fields as traceless and hermitian matrices. It obeys
SU(3) group properties which presented by
Aµ(x) =
8
∑
i=1
A(i)µ (x)Ti, (2.17)
where Ti become a basis for traceless, hermitian 3 × 3 matrices and components
of A(i)µ (x), i = 1,2, ...,8, are real-valued fields which is assumed color components.
Inserting (2.17) into (2.13), then we obtain
Fµν =
8
∑
i=1
(∂µA
(i)
ν (x)−∂νAiµ(x))Ti+ i
8
∑
j,k=1
A( j)µ (x)A
(k)
ν (x)[Tj,Tk]. (2.18)
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By simplifying the commutator relation is obtained and it ends up with
Fµν =
8
∑
i=1
F(i)µν(x)Ti, (2.19)
F(i)µν = ∂µA
(i)
ν (x)−∂νA(i)µ (x)− fi jkA( j)µ (x)A(k)ν (x), (2.20)
where fi jk is called structure constant. The field strength is calculated now in more
explicit form which we can see easily interactions between gluons. The gluonic action
can be written in a compact form in order to evaluate the trace of gauge action. The
equation arises that
SG[A] =
1
4g2
8
∑
i=1
∫
d4xF(i)µν(x)F
(i)
µν(x). (2.21)
From this equation, we extract that the gluonic action is a sum over all
color components. Furthermore, the interaction term resembles the action of
electrodynamics and it supplies some benefical results to make an analogy between
strong and electromagnetic interactions. On the other hand, a qualitatively new feature
of field strength glitters that color components do not act linear because of the gauge
field A(i)µ (x). However, cubic and quartic gluon self-interactions emerge from being
mixed the varied color components of the gluon field. Hence, we encounter not
only quadratic terms like being in electrodynamics but also cubic and quartic term
as a result of gluonic interactions. Additionally, these gluonic self-interactions causes
confinement of the color, the most outstanding property of QCD.
2.2 Discrete Space-Time
Firstly, we switch the continuum space to 4D lattice space ∧:
n ∈ Λ= (n1,n2,n3,n4) | n1,n2,n3 = 0,1, ...,N−1 ; n4 = 0,1, ...,Nt−1 (2.22)
where N is the total number of the spatial steps and NT is the total number of the time
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steps. Also, n∈∧ denotes point in space-time splitted by a lattice constant a and actual
physical space-time point x= na is not used to specify the lattice position of the quark,
Ψ(x)→ a−3/2Ψ(an), Ψ¯(x)→ a−3/2Ψ¯(an). (2.23)
The so-called Link Variables Uµ are substituted by the gauge fields of the continuum
theory to provide connection between two lattice sites. Besides, they belong to the
SU(3)c group and enable to make transition from one color component to another
one with a probability density of related color components. The transition matrix is
expressed by;
Uµ =
U
rr
µ U
rg
µ U rbµ
Ugrµ U
gg
µ U
gb
µ
Ubrµ U
bg
µ Ubbµ
 . (2.24)
There is a relation between link variables and the continuum fields as follows:
Uµ(x) = exp(iaAµ(n)). (2.25)
Another important point here is to reduce infinite space-time to a finite hyper cube
construction. It is provided by periodic boundary conditions instead of anti-periodic
boundary conditions because discrete translational symmetries must be conserved.
Ψ(0,n2,n3,n4) =Ψ(N,n2,n3,n4)
...
Ψ(n1,n2,n3,0) =Ψ(n1,n2,n3,NT ). (2.26)
2.3 Fermionic Action
The fermionic part SF [Ψ,Ψ¯,A] of the QCD is bilinear functional in the fields Ψ and
ψ¯ . It is represented by
S0F [Ψ,Ψ¯] =
∫
d4xΨ¯(x)(γµ∂µ +m)Ψ(x). (2.27)
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Here, we set the gauge field Aµ(x) = 0 since it is a free fermion action. For our
purpose, this action must be discretized on the lattice with the integral over space-time
as well as the partial derivative. The integral term is replaced with a sum over ∧ and
the partial derivative can be separated with the symmetric expression given by
∂µΨ(x)→ 12a(Ψ(n+ µˆ)−Ψ(n− µˆ)). (2.28)
Ultimately, we end up with the fermionic action in a form with
S0F [Ψ,Ψ¯] = a
4∑
nελ
Ψ¯(n)(
4
∑
µ=1
γµ
Ψ(n+ µˆ)−Ψ(n− µˆ)
2a
+mΨ(n)). (2.29)
In lattice QCD, we introduced that the action must be invariant in continuum.
Afterwards, we struggled to discretize the fermionic part of action. However, we
should implement the same procedure as being in (2.9) to find out it is gauge invariant
or not. When we skip from site n to n+ µˆ , consider the term,
Ψ¯(n)Ψ(n+ µˆ)−→ Ψ¯′(n)Ψ′(n+ µˆ) = Ψ¯(n)Ω†(n)Ω(n+ µˆ)Ψ(n+ µˆ). (2.30)
This term does not provide gauge invariance. Provided that a modified field Uµ(n)
emerges with a directional index µˆ , then
Ψ¯(n)Ω†(n)U ′µ(n)Ω(n+ µˆ)Ψ(n+ µˆ) (2.31)
is gauge invariant. If we describe the gauge transformations in terms of new field by
Uµ(n)−→U ′µ(n) =Ω(n)U ′µ(n)Ω(n+ µˆ)†. (2.32)
After having explained gauge invariance of the link variables and their properties, now
we can generalize the free fermion action which is so-called naive fermion action in
an external gauge field U :
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Figure 2.1 : The link variables U−µ(n) and Uµ(n) [6].
S0F [Ψ,Ψ¯,U ] = a
4∑
nελ
Ψ¯(n)(
4
∑
µ=1
γµ
Uµ(n)Ψ(n+ µˆ)−U−µ(n)Ψ(n− µˆ)
2a
+mΨ(n)).
(2.33)
If we recall the definition of Uµ(n) field in equation (2.25), we can make the Taylor
expansion with respect to A field. We then obtain,
Uµ(n) = 1+ iaAµ(n)+O(a2), (2.34)
Uµ(n− νˆ)† = 1− iaAµ(n− νˆ)+O(a2), (2.35)
Aµ(n− µˆ) = Aµ(n)+O(a), (2.36)
Ψ(n±a) =Ψ(n)+O(a). (2.37)
When we rewrite the fermionic action by embedding the link variables with errorO(a),
SF [Ψ,Ψ¯,U ] = a4∑
nε∧
4
∑
µ=1
Ψ¯(n)(γµ∂µ+m)Ψ(n)+ia4∑
nε∧
4
∑
µ=1
Ψ¯(n)γµAµ(n)Ψ(n)+O(a).
(2.38)
Note that sum over all lattice points added a term proportional 1/a4.
2.4 Gauge Action
Here, we use the gauge fields Uµ(n) as basis of the gauge group SU(3) so that it is
gauge invariant. These variables have a matrix kind form and connect two different
sites on a lattice.
The link variables can be chosen in negative direction of µ because they are not
independent of orientation. Moreover, negative oriented and positive oriented link
variables are relevant to each other which means one is able to be written in terms of
another one.
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Figure 2.2 : The plaquatte of U fields [6].
U−µ(n)≡Uµ(n− µˆ)†, (2.39)
the transformation specialty of the link in negative direction
U−µ(n)−→U ′−µ(n) =Ω(n)U ′−µ(n)Ω(n+ µˆ)†. (2.40)
On the other hand, in consideration of physical value of Fµν , we are able to produce a
compact object is called plaquette variable Uµν(n) which defined as follows:
Uµν(n) =Uµ(n)Uν(n+ µˆ)Uµ(n+ νˆ)†Uν(n)†. (2.41)
In this expression, we used the equivalence (2.39). Using the plaquette definition we
can write the Wilson gauge action as,
SG[U ] =
β
3 ∑nε∧ ∑µ<ν
Re[Tr[I−Uµν(n)]], (2.42)
where β is called the lattice coupling and it equals to β = 6/g2. When we take naive
limit of the Wilson action (a→ 0), it actually approximates the continuum form. In
order to obtain easily resultants of the four link variables in the plaquatte, it is suitable
to use the Baker-Campbell-Hausdorff formula for the resultant of exponential of
matrices :
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exp(A)exp(B) = exp(A+B+
1
2
[A,B]+ ...), (2.43)
substituting the plaquatte in A and B arbitrary matrices,
Uµν = exp
(
iaAµ(n)+ iaAν(n+ µˆ)− a
2
2
[Aµ(n),Aν(n+ µˆ)]
−iaAµ(n+ νˆ)− iaAν(n)− a
2
2
[Aµ(n+ νˆ),Aν(n)])
+
a2
2
[Aν(n+ µˆ),Aµ(n+ µˆ)]+
a2
2
[Aµ(n),Aν(n)]
+
a2
2
[Aµ(n),Aµ(n+ νˆ)]+
a2
2
[Aν(n+ µˆ),Aν(n)]+O(a3)
)
.
(2.44)
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3. CHAPTER 3
3.1 Mass Spectrum
The hadron correlators serve as a useful tool to calculate mass spectrum of the
corresponding hadron. When analyzing the hadron correlators, E, P and m are
multiplied by lattice constant a to make these physical quantities dimensionless.
In analysis of hadron mass, an operator Oˆ is needed with the quantum numbers of
a specific hadron. The operator Oˆ and Oˆ
†
have mission of annihilation and creation
respectively. That is, Oˆ
†
creates a hadron from QCD vacuum when Oˆ annihilates the
hadron to the vacuum state. If the sink operator (Oˆ) is operated with zero momentum,
we reach the formula [6]:
C(nt)≡ 〈O(0,nt)O¯(0,0)〉=∑
k
〈0|Oˆ|k〉〈k|Oˆ†|0〉e−ntEk , (3.1)
where En is discretized. If the correlation of the operators annihilates and fluctuates
around a plateau, then it gives information about the ground state energy of
corresponding particle. Since zero-momentum source method is used, excited states
do not contribute to total energy of the particle, we reach low-lying energy values as
En = m.
In order to extract the mass spectrum and the ground state energy, we plot a graph
which behaves as a logarithmic function. Due to that result of the correlation function
ends up with an exponential form, it is useful to plot a graph in logarithmic form to
analyze the conclusions more appropriately.
Furthermore, we use a relation between correlation function for sequential nt values,
called effective mass as
me f f (nt +
1
2
) = ln
(
C(nt)
C(nt +1)
)
, (3.2)
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the correlator C(nt) is suppressed by the ground state energy quickly, hence, an
effective mass plateau emerges.
3.2 Electromagnetic Form Factor
The electromagnetic form factor depicts the spatial distribution of both current and
electric charge inside the baryon. Hence, electromagnetic form factors provide
information about the structure of the hadron, determining the form factor is useful
to get a result about the size and shape of the baryons, as well as understanding the
baryon structure in terms of the quark-gluon degrees of freedom [25–27]. We will give
more details about basis of finding the form factor.
3.2.1 Lattice formulation
In this section, we attempt to calculate the electromagnetic form factor of the Ξc
and Ξ′c baryons. Therefore, we should start with evaluating the transition matrix
element [28, 29]:
〈B(p)|Vµ |B(p′)〉= u¯(p)[γµF1,B(q2)+ i
σµνqν
2mB
F2,B(q2)]u(p), (3.3)
where mB denotes the baryon mass, u(p) is the Dirac spinor and qµ = p′µ − pµ is the
transferred momentum. Vµ =∑q eqq¯(x)γµq(x) is electromagnetic vector current where
q is summed over related quark content [30–32]. Furthermore, F1,B(q2) and F2,B(q2)
can be expressed in terms of Sachs electric and magnetic form factors as follows:
GE ,B = F1,B(q2)+
q2
4m2B
F2,B(q2), (3.4)
GM ,B = F1,B(q2)+F2,B(q2). (3.5)
3.2.2 Correlation function and ratio
The two point and three point correlation functions are described respectively as:
〈FBB(t;p;Γ4)〉=∑
x
e−ipxΓαα
′
4 〈0|T [ηαB(x)η¯α
′
B (0)]|0〉. (3.6)
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Figure 3.1 : Diagram of the two and three point correlations [7].
〈FBVµB(t2, t1;p′,p;Γ4)〉=−i ∑
x1,x2
e−ipx2eiqx1Γαα
′〈0|T [ηαB(x2)Vµ(x1)η¯α
′
B (0)]|0〉,
(3.7)
where Γi = γiγ5Γ4 and Γ4 ≡ (1+ γ4)/2. We are able to construct the ratio in terms
of the two point and three point correlation function. Then, using the ratio we can
extract the baryon electric and magnetic form factor. The equation R(t2, t1;p′,p;Γ;µ)
is expressed explicitly as [33],
〈FBVµB(t2, t1;p′,p;Γ4)〉
〈FBB(t;p′;Γ4)〉
[〈FBB(t2− t1;p;Γ4)〉〈FBB(t1;p′;Γ4)〉〈FBB(t2;p′;Γ4)〉
〈FBB(t2− t1;p′;Γ4)〉〈FBB(t1;p;Γ4)〉〈FBB(t2;p;Γ4)〉
]1/2
,
(3.8)
If t2− t1 and t1 a, then the ratio reduces to the simpler form,
R(t2, t1;p′,p;Γ;µ)
t1a−−−−−−−−−−−−−→
t2−t1a
Π(p′,p;Γ;µ). (3.9)
We arrange the ratios with appropriate Lorentz orienting of µ and projection of Γ in
terms of forms factors GE,B(q2) and GM,B(q2) as ,
Π(0, -q;Γ4;µ = 4) =
[
(EB+mB)
2EB
]1/2
GE,B(q2), (3.10)
Π(0, -q;Γ j;µ = i) =
[
1
2EB(EB+mB)
]1/2
εi jkqkGM,B(q2). (3.11)
When q is equal to zero GE,B(0) factor gives us the electric charge and GM,B(0)
extract the magnetic moment of the baryon. The magnetic moment is described in
nuclear magnetons as follows :
µB = GM(0)
(
mN
mB
)
µN , (3.12)
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where mN is the nuclear mass and µN is the nuclear magnetic moment.
3.3 Techniques For Analyzing Data
In order to handle a data set, Jackknife is one of the most useful methods. This method
not only eliminates bias parameters but also constructs sample subsets from original
data set. Suppose that we have a data set with size of N and there is a θ parameter
which is observable. Furthermore, the value of the observable calculated for the data
set is called θˆ . Then, variance for θ ,
σθˆ ≡
N−1
N
N
∑
n=1
(θn− θˆ)2. (3.13)
The square root of variance gives approximately standard deviation of θˆ . Thus, the
biased estimator is computed as 〈θ〉 = θˆ ±σθˆ . Now, we try to remove bias from the
estimator 〈θ〉. Alternatively, bias may be calculated from,
θ˜ ≡ 1
N
N
∑
n=1
θn, (3.14)
which concluding to θ˜−(N−1)(θ˜− θˆ) for the unbiased estimator for 〈θ〉. Ultimately,
a favorable property of the jackknife methods is the fact that it can be used for the
finding out the statistical error for fitted quantities. In addition, it does not need any
complicated data propagation for data analysis.
3.4 Simulation Details
We employ lattices of size 163× 32 with two flavors of dynamical quarks and the
gauge configurations we use have been generated by the CP-PACS collaboration [17]
with the renormalization group improved gauge action and the mean-field improved
clover quark action. We use the gauge configurations at β = 1.95 with the clover
coefficient cSW = 1.530, which give a lattice spacing of a = 0.1555(17) fm (a−1=
1.267 GeV) as determined from the ρ-meson mass. The simulations are carried out
with one hopping parameter for the sea and the u, d valence quarks, κsea , κu,d =
18
0.1410 which corresponds to quark mass of ∼ 35 MeV, and we use 50 such gauge
configurations, respectively. The hopping parameter for the s valence quark is fixed
to κs,val= 0.1393 so that the Kaon mass is reproduced, which corresponds to a quark
mass of 90 MeV. We employ smeared source and smeared sink, which are separated
by 8 lattice units in the temporal direction. Source and sink operators are smeared in a
gauge-invariant manner with the root mean square radius of 0.6 fm. All the statistical
errors are estimated via the jackknife analysis.
The baryon interpolating-field for Ξ′c and Ξc respectively are,
ηΞ′c =
1√
2
εabc
[(
uTa (Cγ5)cb
)
sc+
(
sTa (Cγ5)cb
)
uc
]
, (3.15)
ηΞc =
1√
6
εabc
[
2(sTa (Cγ5)ub)cc+(s
T
a (Cγ5)cb)uc− (dTa (Cγ5)cb)sc
]
. (3.16)
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4. CHAPTER 4
4.1 Results
4.1.1 Mass spectrum
After plotting the convenient ratios of correlation functions, we seek for a plateau. Due
to the fact that suitable ratio values tend to stay constant according to time, we figure
out a constant fit value (see Appendix A.). This procedure is followed for both of the
baryons we consider. We obtain the masses as in figure 4.1. and 4.2. We give our fitted
results for the baryon masses in Table 4.1.
Figure 4.1 : Effective mass plot of Ξc, black horizontal line indicates the fit region.
Table 4.1 : Mass and fit values.
baryon mass (GeV) fit value experimental results
Ξc 2375.7 ±12.8 1.8618 ± 0.0159 2467.8 ± 0.6
Ξ′c 2512.6 ±10.8 1.9691 ± 0.0180 2575.6 ± 3.1
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Figure 4.2 : Effective mass plot of Ξ′c, black horizontal line indicates the fit region.
4.1.2 Electric form factor
Electric form factor plots give us electric charge of Ξc and Ξ′c baryons at zero
momentum. In Figure 4.3 and Figure 4.4, the electric charge is 0 for dsc combination.
In Figure 4.5 and Figure 4.6, electric form factor gives +1 at zero momentum for usc
combination. Furthermore, the electric form factor provides more valuable information
to understand inner structure of baryons at non-zero momentum since it is possible to
encounter quarks directly instead of composite structure of baryon. Because of electric
charge of quarks, the electric form factor fluctuates for different momentum values.
Figure 4.3 : Electric form factor of Ξc(dsc).
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Figure 4.4 : Electric form factor of Ξ′c(dsc).
Figure 4.5 : Electric form factor of Ξc(usc).
Figure 4.6 : Electric form factor of Ξ′c(usc).
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4.1.3 Magnetic form factor
It is also instructive to investigate the magnetic form factor of Ξc and Ξ′c to discover
dynamic of baryons and individual contributions of quarks. For usc and dsc
combinations, the magnetic form factors are plotted in Figure 4.7, Figure 4.8, Figure
4.9 and Figure 4.10 with respect to different momentum. However, we can not measure
directly magnetic form factors at zero momentum due to momentum contribution
as denoted in formula 3.11. Therefore, it is reasonable to make extrapolation over
magnetic moment values to figure out GM(0). However, GM(0) is represented in Table
4.3. for usc and dsc combinations of Ξc and Ξ′c baryons.
Figure 4.7 : Magnetic form factor of Ξc(dsc).
Figure 4.8 : Magnetic form factor of Ξ′c(dsc).
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Figure 4.9 : Magnetic form factor of Ξc(usc).
Figure 4.10 : Magnetic form factor of Ξ′c(usc).
It is convenient to evaluate magnetic moment of baryons throughout using GM(0) and
Table 4.3 represents magnetic moments of baryons in terms of nuclear magneton.
Table 4.2 : Magnetic form factor of Ξc and Ξ′c at zero momentum.
baryon GM(0)
Ξc(dsc) 0.361 ±0.029
Ξ′c(dsc) -2.072 ± 0.300
Ξc(usc) 0.403 ± 0.022
Ξ′c(usc) 3.121 ± 1.229
As mentioned in Chapter 1, spins of the light quarks in Ξc baryon are anti-aligned
while spins of the light quarks in Ξ′c are aligned. According to magnetic moments
of Ξc and Ξ′c, it can be said that the anti-aligned quark pair does not contribute
to magnetic moment of Ξc baryon and charm quark is getting more important. It
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can be seen by the differences between Ξc and Ξ′c for usc and dsc configurations.
Furthermore, u and d quarks have a significant role when they are aligned to s quark
in Ξ′c baryons since their contributions are dominant on magnetic moment of baryons
as indicated in Table 4.2. The results of magnetic moments of Ξc and Ξ′c are given in
natural units.
4.2 Discussion of Errors
Systematical errors may be originated from different causes. They are able to affect
simulation results significantly. First of all, lattice spacing a has very significant role
for discretizing action, space-time and wave functions since they are discretized with
O(a). Furthermore, it is suspicious to use the same fermionic action for u, s and c
quarks. We assume that the lattices which have lattice spacing a = 0.1555(17) result
in small discretization errors.
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5. CONCLUSION
We have evaluated mass spectrum of Ξc and Ξ′c by starting with the ab inito LQCD
method.
In the thesis, we have obtained discretization of the action of QCD which is the
fundamental characteristic of Lattice QCD method. For this discretization procedure,
the plaquette and link variable expressions emerge to ensure the gauge invariance.
After this stage, we extract the mass spectrum of the particles separately from
correlation function,
C(nt)≡ 〈O(0,nt)O¯(0,0)〉=∑
k
〈0|Oˆ|k〉〈k|Oˆ†|0〉e−ntEk . (5.1)
Then, we computed numerical part of calculation by simulation and perform analysis
techniques to get rid of both bias and big errors. The simulations are run on 163×32
sized lattices with lattice spacing a = 0.1412 fm. We select the plateau region after
plotting suitable ratio values and obtain the masses in GeV unit.
Additionally, we have investigated the electromagnetic form factors of Ξc and Ξ′c
hadrons. Using the evaluated mass spectrum and Sachs equation we find the form
factors. Especially, understanding structure of charmed baryons is crucial to get an
idea how heavy quark baryons interact. Ξc and Ξ′c baryons have one heavy quark (c)
and two light quarks (u or d and s), the electromagnetic form factors present precious
information about interactions between the quarks inside a heavy baryon. We plot
the electric and magnetic form factor with respect to two different quark contents as
follows: dsc and usc. Then, we calculated magnetic moments of Ξc and Ξ′c baryons
and see the effect of spin alignment of light quarks on magnetic moment of baryons.
Calculations are performed in ROOT and Mathematica.
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Figure A.1 : Linear mass plot of Ξc.
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